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Superdiffusion in Nearly Stratified Flows
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In classical work, Mathéron and the Marsilly showed that superdiffusive scaling
of mean-square displacements occurs in transport diffusion for stratified flows
with steady simple shear layers and long-range spatial correlations. More
recently the authors have calculated a formula for the non-Gaussian large-scale
long-time renormalized Green function for these problems. Here the scaling laws
and renormalized Green functions for diffusion in “nearly stratified” flows are
studied; in such flows the simple shear layer with long-range correlations is
perturbed by incompressible flows with short-range correlations. Here it is
established that these flows belong to the same universality class as the simple
shear layers, with a renormalized Green function with a similar structure but
reflecting homogenization by the transverse displacements. The tools in the
analysis involve a modification of homogenization theory and also rigorous
diagrammatic perturbation theory.

KEY WORDS: Superdiffusion; anomalous transport; random flows;
homogenization.

1. INTRODUCTION

The stochastic Langevin equation

dX
E - V(1) + 2D) 100 )

where V(x) is a random, divergence-free velocity field and n(¢) is a
d-correlated white noise, arises in many situations in mathematical physics,
most notably in the description of the motion of tagged particles in flow
through porous media. For simplicity, we will assume that the velocity is
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statistically homogeneous and has mean zero. It is well known since the
work of Taylor that the presence of a stirred ambient fluid enhances the
rate of dispersion of particles and, in this regard, two generic universality
classes of random velocities have been identified. These universality classes
correspond to either diffusive behavior at long time scales or superdiffusive
behavior. For the first class of velocity statistics, the mean-square displace-
ment

o’(1) = E{X?(1)}
[E{-} denotes averaging with respect to the random force n(¢)] satisfies

2
g {r
lim Lotn)y )>=2dD*
1 t
where D* is an effective diffusion coefficient such that D < D* < + o0, d is
the spatial dimensionality, and (-} denotes averaging with respect to
velocity statistics. For the second class of velocity statistics, the mean-

square displacement is superlinear, i.e.,
(o (1)) > t, t— 0

These two categories of velocity statistics differ greatly in the statistical
properties of the paths X(¢) for large ¢. For diffusive velocity statistics, it is
known that the solution of the Langevin equation (1) is self-averaging
in the sense that the normalized, unaveraged mean-square displacements
converge, ic.,

lim m

t— o0

=2dD* )

in probability (and thus almost surely a subsequence), so that sample-to-
sample velocity fluctuations are irrelevant as t » c0. More generally, it can
be shown that the Green function, or probability density P(x, t) for the
position of a particle which starts at x =0 at ¢ =0, satisfies

X 1 2
1i 5—dP - ==— —|x|4/4D*: 3
510 (5 52> (@nD*n 72 ¢ 3)
in probability, where D* is the effective diffusivity in (2). An essentially
necessary and sufficient condition for incompressible, mean-zero velocities
to give rise to diffusive behavior is that the Eulerian two-point correlation
function R, 4(x)= {V,(x) V4(0)) satisfy the condition

— |xi%/4D¢
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or, equivalently,

k
Ld d|P1t<(|2)< +oo (4)

where du(k) is the Fourier transform of R, (x). This result was established
in ref. 10. This condition characterizes the universality class for which
diffusive behavior holds; it states quantitatively that the ballistic motions
arising from long-wavelength components of the velocity field are balanced
by the molecular diffusion and have a negligible effect on the long-time
motion. For this class of velocities, the Lagrangian particle has a finite
mean relaxation time in which it “samples” completely the random field
V(x), after which it reaches the asymptotic Gaussian limit for every
realization of V(x). Condition (4) is also equivalent to the existence of a
statistically homogeneous vector potential A satisfying

VxA(x)=V(x)

such that
AP = (JA(0)]*) < +o

Superdiffusion occurs when the integral in (4) diverges and thus any
vector potential of V(x) will necessarily have larger and larger fluctuations
as |x| = co. The study of computer simulations and a few tractable models
shows that sample-to-sample velocity fluctuations are then critical in
determining the behavior of ¢?(z) and P(x,t) at large times/distances.
Moreover, the superlinear exponent of the average mean-square displace-
ment {c*(¢)) depends on the rates of infrared divergence of u(dk)/|k|? or
equivalently on the fluctguations in the amplitude of the vector potential
{JA(x)|*> for large x. Because of this, the universality class of super-
diffusive velocity fields is in fact composed of infinitely many “subclasses”
according to the infrared behavior of the velocity statistics.

This phenomenon was illustrated in the work of Mathéron and de
Marsilly” on dispersion of pollutants in groundwaters. These authors
considered a class of “stratified” velocity statistics in two space dimensions

of the form
v,
visn=("") ©

for which the velocity correlation function {V,(y) V(0)> = R(y) satisfies

| 09 RG) ds~1yrat sy oo (6)
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where 0<e<?2, and a represents a typical length scale. The velocity
potential (stream function)

id
W)= Vi) ds
0
grows as y — oo, since

s ={|[ v a| ) =2[ o=0 R a~2ire s ©

Mathéron and de Marsilly showed that the corresponding mean-square
displacement 2(¢) = E{x()*} is superlinear, and that

. {e¥t)y C, V¢
,lingo d+e2 = (2D)I "2 (7)
where P2={|V,(0)|*> and C, is a numerical constant. Here D is a
(phenomenological) transverse diffusion coefficient.!")

The calculation of the asymptotics for the Green functions for such
stratified models was done for the first time in ref. 2. We considered a class
of random stratified fields of the form (5) with

Vi) =T [ K=y (k) e*e dWik) ®)

where ¥ (k) is an ultraviolet cutoff satisfying ¥ (k)=1 and decaying
rapidly at infinity. The notation dW(k) in (8) denotes stochastic integration
with respect to Gaussian white noise. Our motivation for studying such a
model came from the theory of eddy diffusivity for hydrodynamic turbulent
transport of passive scalars, and the study comprised a much wider class of
statistics, including time-dependent velocities, which are important for tur-
bulence modeling, but are not relevant in this discussion. The assumption
of the Gaussianity of dW(k) is not essential and was removed in ref. 3. The
characterization of the coarse-grained limit of the Green function for par-
ticle displacements in the x direction P,(x, 1)= Prob{X(s)=x|X(0)=0}
that emerged was that, for each £e(0,2), there exists a time-scaling
function p(8) =6 +*?)_which corresponds to the exponent in (7)—such
that

.1 x ¢ =
im5 (7 (5 o)) =0
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where P(x, t) is defined via its Fourier transform, P(k, 1),

- +t® A ,

B(x, 1) = f " Blk, 1)e™ dk

— O

by
T2l +e22,2 ¢

Bk, t)=E{exp [— WLI L‘ F(B(s)—B(s")) ds ds’]} {9)

The integration in (9) is with respect to Brownian motions B(t), 0 <1< 1,
and the function F,(y) appearing in the exponent is given by

+ oo .
F(y)=| Ik'ce™ dk

C651g_nz(_yj) for ¢#1
= |yl
C,6(y) for ¢=1

where C,, C, are numeric al constants. Clearly, P(x, ¢) is non-Gaussian—it
is a mixture of Gaussians. This result can be regarded as the counterpart
of the homogenization theorem (3) for the case of stratified velocities with
superdiffusive behavior. Recently, Bouchaud et al.® and Zumofen et al.*®
studied a special case of stratified disorder consisting of an array of infinite
parallel “channels” of width @ along which the velocity is a random
variable that takes the values + ¥ independently with equal probability,
which corresponds to ¢ =1, and recovered the characterization (9). These
authors put further in evidence the non-Gaussian behavior of P(x, t) by
computing the higher-order moments and showing that

. CE(x(1))*> _(2n)!
I B> 2]

and by estimating the x — co behavior of P(x, t). On the other hand, the
fluctuations of the Green function were analyzed by us in ref. 2, where we

showed that
. 1 x t " - R
;1_12) <[5P (5, —p(é)z)] > # P(x, 1)
for all n> 1.

A natural question that arises in connection with these stratified
models is to determine the universality class of random velocity fields V(x)
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which give rise to renormalized Green functions of the form (7). This is an
issue of some physical interest if one wants to apply the theory to realistic
velocity statistics which are not exactly stratified, but yet appear to have
long-range correlations only in certain directions. The main contention in
this paper is that Green functions analogous to (7) arise generically for a
class of random velocity fields which are “nearly stratified,” in the sense
that they have the structure

()

where V,(y) satisfies the assumption (6) or (6') of the stratified models and
the vector field U(x, y)= (U(x, y), U,(x, y)) is incompressible, has mean
zero, and satisfies the mean-field condition (4) corresponding to normal
diffusion. This corresponds to flow in a stratified heterogeneous porous
medium, the perturbations U(x, y) varying only over short wavelengths
[relative to V,(y)]; see Fig. 1. Intuitively, we expect the solution of the
corresponding Langevin equation

d%(tt2= Vi(p(1)) + Ui(x(2), p(£)) + (2D)'? 17,(2)
(11)
%= Ua(x(2), y(£)) + (2D) " (1)

to behave as follows: on a coarse-grained scale, the y component of the
path y(z) will approach (statistically) a Brownian motion. Moreover, the
contribution of the term U,(x(2), y(¢)) to the velocity of the x component
should be negligible in the long-time limit. Therefore the system will behave
like the Mathéron—de Marsilly simple shear flow and the effective Green
function in the x direction should approach the function P(x, t) given in
(9). However, the y component will “feel” the advection from the compo-
nent U,(x(z), y(¢)) of the velocity, which will enhance its rate of dispersion.
Therefore, its coarse-grained limit behavior should be characterized by an
effective transverse diffusivity D}, > D, which is determined by the total
velocity field V(x,y) and thus, in the definition of P(x,t), the “bare”
diffusivity D should be replaced, self-consistently, by the renormalized
transverse diffusivity D},.

A justification of this picture hinges on showing that an effective
separation of scales between the diffusive y motion and the superdiffusive
x motion exists. Namely, these models should have the property that the
¥(t) motion “thermalizes” in a time scale which is short with respect to the
time scale on which superdiffusion occurs. Moreover, a crucial ingredient in
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Fig. 1. (a) Level sets of the velocity stream function ¥(x, y}= W(y)+sin x sin y, where
W(y) is a continuous-time random walk. This corresponds to a nearly stratified flow
composed of a “purely” stratified ¥,(y) compenent corresponding to e=1 and to a perturba-
tion U(x, y)=[sin x cos y —cos x sin y]. The solid lines represent streamlines corresponding
to positive values of y(x, y) and the dashed lines represent streamlines corresponding to ¥ <0.
(b) Level sets of the “unperturbed” stream function ¥(x, y) = W(y).

822/69/3-4-16
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this self-consistency argument is that sample-to-sample fluctuations in the
velocity statistics should not affect the y(¢) motion, which thermalizes over
(almost all) individual realizations of V.

The goal of this paper is to show how all this can be made rigorous.
We will show that the longitudinal and transverse Green functions
Py(x, ) =Pr{x(1)=x|x(0)=0} and P(y,1)=Pr{y(1)=y| y(0)=0}
satisfy, respectively,

im(s P (X L \\N_p
gfré<5 P1<5,p(5)2>>—P1(x,t) (12)

and

lim 6-'P (Z i):(4nD* 1/2exp<— y ) (13)
510 AL » 4D% 1

in probability, where p(8)=6""*%% and P,(x,t) denotes the Green
function defined in (9) with D replaced by D¥,, the effective transverse
diffusivity. This diffusivity is obtained by solving a “cell problem” (in the
sense of homogenization theory),>%1%12 namely, let y(x, y) be a suitable
solution of

(7 s a )
2D 1 Uy, ) LD 2 U, )

DAx(x, y)+ [Vi(y) + Ui(x, y}] 3

(14)

e

The mathematical tools used to obtain this result are borrowed in part
from homogenization theory. More specifically, we adapt a construction
of Papanicolaou and Varadhan‘® for averaging diffusion equations with
random coefficients to the present setting of nearly stratified flow. This
allows us to show that the motion in the y direction is indeed self-averaging
and diffusive, as well as to eliminate the small-wavelength components of
the velocity in the x direction and to characterize the effective diffusion
coefficient D,

In Section 2 we introduce a special class of nearly-stratified velocity
fields of the form (5) which can be analyzed regorously by the
homogeneization method. In these models, the U field is assumed to be
periodic in the x direction, for technical reasons. The analysis given here

Then, D}, is given by

ox(x, y)
D;’;=D[1 +<‘ o

g ‘6x(x, y)
dy




Superdiffusion in Nearly Stratified Flows 697

generalizes in a straightforward manner to fields that are quasiperiodic in
x, using a result due to Kozlov.®® In Section 3, the diffusive behavior in the
y direction is established and in Section 4 we derive the main result, i.e., the
characterization of the renormalized Green function P,(x, ¢). In Section 5,
we take a different approach to the renormalization problem, using a
Stieltjes integral representation for the matrix elements of the averaged
Green function, developed in ref. 7. Here we do away with (quasi)
periodicity in the x direction and assume only that V,(y) satisfies (6) with
0<e<2 and that U(x, y) satisfies the mean-field condition for normal
diffusion (4). This route yields less precise characterizations of the effective
Green functions, but gives the correct value of the scaling function p(d) =
§Y(1+#2) in a more general setting.

2. STATISTICAL MODEL AND ESTIMATES FOR THE
CORRECTORS

In this section we describe a class of velocity statistics corresponding
to nearly stratified flows. Following closely Papanicolaou and Varadhan,®
we use a Hilbert space formalism which is a natural setting for the
homogeneization method. Accordingly, let {Q, X, P} denote a probability
space endowed with a group of measure-preserving transformations {z,},
yeR. This group defines an action of the real line R on the Hilbert space
L*(Q, P) of square-integrable functions f(w), by means of the operators

Tyf(w)zf(ryw), yeR, weQ

We assume that {r,} is stochastically continuous, and that (Q, 2, P)
is separable, so that for any measurable set A4 of real numbers,
sup, .4 T y](w) is a measurable random variable (see ref. 5). The action of
{7,},cr is assumed to be ergodic. This means that if f(w) satisfies

T, f(0)=7(0)

almost surely for all y e R, the f(w) = const. Integration with respect to the
measure P(dw) will be denoted by angular brackets, {->.

We define suitable Hilbert space # and ## of periodic functions of x
with values in L*(Q, P). Accordingly, if p is a given period and

](x,w)zf(x'{”l%w), XER, weR

we set

f,,,@):%f:](x, w)e ™™ dx (16)
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for m=2kx/p, k integer, and we define the norms | -{|, and | -||, by
1713=3 <IFu(@)®>

and

I712=3 (1 +m)<F )

The Hilbert spaces #, and s are defined as the completions of the spaces
of bounded, measurable functions f(x, @) under these norms. Clearly,

1 rp
1713== " <17x o)y dx
Pro
and

=2 (o | L o

2
>dx

The random velocity V is introduced next. We consider a function
V.(w) in L}, P) and functions U,(x, ) and T,(x, w) in #,. Random
functions V(y), U,(x, y), and U,(x, y) are then defined by setting

Vi) =7,,0) (17)

and

Uix,y)=Uix, 1,0), i=1,2 (18)

These functions are periodic in x and statistically homogeneous in y.
[Conversely, to every triple V,(y), U;(x, y), i=1, 2, of stationary random
processes which are stochastically continuous, ergodic in y, and periodic in
x, there exists an abstract probability space (2, X, P) and a shift operator
7,, ¥ €R, such that (17), (18) hold.”®] We assume that the mean valocity
vanishes, so that

Vi(y)>=0

and

lfP<U( Vo dx=0, i=1,2
- X, X =V, 1=1,
PYo Y
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Finally, we make specific assumptions on the infrared behavior of
Vi(y). Namely, we define the potential

W)= Vi) ds
and assume that
QYOI ~Va> %y, y-o o (19)

where ¥ is a typical velocity, a is a typical length scale, and 0 <e<?2.
Moreover, we will assume that the rescaled process

7y (ﬁ) 0<y <o (20)

converges in distribution to a Gaussian process with independent
increments (see Remark 2 at the end of Section 4). The first hypothesis is
precisely the assumption (6') made by Mathéron and de Marsilly in their
calculations of superdiffusive mean-square displacements. The latter one
states that the velocity statistics are in the domain of attraction of Gaussian
statistics when rescaled consistently with (20). This assumption is satisfied
by the velocity fields (8) and a variety of other statistical models.®) For
instance, the well-studied example of a velocity field V,(y) that is piecewise
constant and takes value + ¥ randomly and independently on layers of
width a satisfies these assumptions with ¢=1. The limit as p — 0 of the
stochastic process (20) defines, loosely speaking, a coarse-grained Gaussian
velocity potential (y), which is “self-similar.” This potential is then
necessarily of the form

¥(y)=const - Va'~#? Ly %

with N(s) being a standard Brownian motion and a = }(1 —¢), ie., ¥(y) is
a fractional Brownian motion. Equivalently,

B(p)=Ta' = [ k| =092 1) dN ()

— O

We note also that, formally, the “coarse-grained” velocity

— J -
Vi) =2-v(y)
y
is given by

+ o
Pi(y)=Pa' = [ k|42 dN (k) (21)

— o0
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and hence is a generalized Gaussian process in the sense of Gelfand
and Vilenkin.®® Due to the infinite spectral range, which is ultraviolet
divergent, V,(y) is not square-integrable for any ¢, 0 <& < 2. For instance,
if e=1, V,(y) is Gaussian white noise, with {¥,(y) V,(0)> o 6(y).

It is convenient to work with the energy spectra of random fields in
M. Since {T,} is a commutative group of unitary, strongly continuous
operators on L*(Q, X, P),* one has the representation

+ oo "
Ty = J~7 e dgk
where {&.} is a spectral family of projection operators in L*(®, P).
Accordingly, for any field f(w) in L¥(Q, P),

S -T,7=] ™ a8 ]

and thus d&, f can be identified with the random spectral measure
associated with the stochastic process f(y). Elements of J# can also be
represented in spectral form, observing that the Fourier coefficient 7,,(w) of
F(x, w) defined in (17) satisfies

2 + o ~
Ty,fm ZJ eiky dgk fm

— 0

Hence, we have
+oo ) -
S =T,Jx o)=Y [ em+ids,F,

and dé, fm is identified with the spectral measure of f(x, y). We denote by
A the subspace of s, composed of fields f(x, w) such that

j+wd<|«fk7m|2>< v

cw  KP+m? 22)

The measure d{|&, f,,|>> can be identified with the Fourier transform of
the correlation function

1 rr
ROs )= | S Gt h ) [, 0))

Hence, inequality (22) is the analogue of condition (4) for the field f(x, y).
Accordingly, we will assume throughout this paper that the perturbation
U(x, y) belongs to the space .#, ie.,

J+wd<|é"kﬁm|2>
~) o k2+m2

<+ (23)
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For fields in #, we have m=2kn/p and hence the condition (23) is
equivalent to

Y A AE
rodialiy

Nevertheless, we state it in the general form (23), which is suitable for
generalizations to quasiperiodic fields in which Fourier modes may
accumulate near m =0.

In the following proposition, we observe that the assumption (19) on
the growth of the potential is equivalent to an algebraic rate of divergence
of the integral

d1671%)
k2
This is an elementary consequence of inversion of the Fourier transform.
Proposition 1. The conditions

qYIP~y,  y-o o
and

y
J, D= R ds~ys yooo
are equivalent to

72
[ AT g o)
k| za

g
Ik|? ’

This characterization of the spectrum of ¥, will be used in Section 4.

The following lemma establishes the existence of the gradients of the
auxiliary functions y(x, y) satisfying an equation of the form (14) in the
Hilbert space .

Lemma 2. Let F(x, w) be an element of .# such that
17
—f CF(x, 0)) dx=0
Do

Then, there exists a field E(x, )= [E,(x, ®), E,(x, w)] in # such that
E(x, y) = E(x, 1,) satisfies the equations

0 0
5;Ez(x,y)=$E1(x,y) (25)
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and

d 0
D—E -
p 1(x,y)+Day

+IVi(y) + Uilx, v)] Eilx, y) + Us(x, y) Ex(x, y) = Flx, y) (26)

Ez(x, y)

where F(x, y)= F(x, t,w). Moreover, E has a average zero, ie.,
1 r?
—f CE(x, ®)> dx=0
Pro
and we have the a priori estimate
- 1
2ot
LIS |

Lemma 3. In addition to the asumptions of Lemma 1, suppose that
the fields (8/0x) U,(x, y), (0/0x) U,(x, y), and (6/0x) F(x, y) are uniformly
bounded, ie.,

+o d(|&F |7

e mMEP4K? I

0
‘6x xy)} ‘ (xy‘ ‘_Uz(an’)‘ Ci<+o

for some constant C,. Then E belongs to 2 and we have

1+C

Bl <=y |

v d(|&F 12D
e  k*+m?

For a given F(x, ) in .#, we define the corrector y(x, y) corresponding
to the function F(x, y)= F(x, 1,w) in terms of E by the formula

X y
15, 3)= | Eis, 0 dst [ Exlx, o) ds

Using Eq. (25), it follows that

ax(x, y)

6.x - El('x5 y)
Ip(x,y)

ay - E2(X, y)

and x(0, 0)=0, with probability one. By definition, the function x(x, y) is
periodic in x with period p. Note also that y(x, y) is not statistically
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homogeneous and, in principle, can grow as y — oo. The next lemma
establishes that this growth is sublinear, uniformly in x. More precisely, we
have the following result.

Lemma 4. Assume the hypotheses of Lemma 3. Then, for each

M>0and «>0,
5x<x,§>i>a}:0 §

We will also use the following lemma, which gives an estimate of the
variance of sup,, < » Sup, g 10x(x, y/8)|.

lim Pr{ sup sup

510 lyl<M xeR

Lemma 4’. Suppose that F satisfies the assumptions of Lemma 3.

y
,)». X, 5

where C is a constant proportional to

{ U,
sup < |[—

> C(1+M2>Zf+wd<|efkﬁm12>

IYI€<M xeR

m

2

oF

|9 |9F
0x

xy Ox Ox

1

The proofs of these lemmas are given in the Appendix.

Remark. We assumed here that the “perturbation” of the stratified
flow U(x, y) is a stationary stochastic process in y with values in the space
of periodic functions. We point out that the same method can be used to
study the cases in which U(x, y) is periodic in both x and y as well as per-
turbations which are quasiperiodic in x and/or y. This follows from the
general framework of Papanicolaou and Varadhan, to which the reader is
referred for details. We point out, however, that the proofs of Lemmas 4
and 4’ given in the Appendix make use of the periodicity in x [see, for
instance, Eq. (A.8)]. Some generalizations of these results to quasiperiodic
perturbations which satisfy appropriate Diophantine conditions® should
be straightforward.

3. DIFFUSIVE MOTION IN THE y DIRECTION

The goal of this section is to show that the rescaled stochastic process

5y(5%), 0<i<1 27)
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converges in distribution to Brownian motion (2D},)"* W(t) as § -0,
where D}, is defined in (29). Moreover, we show that (27) is self-averaging,
in the sense that W(t) is independent of the velocity statistics. This is a key
point in the subsequent analysis of superdiffusion in the x direction.

The argument that we use to establish diffusive behavior is borrowed
from Papanicolaou and Varadham®® (see also Kozlov‘® and Oelschlager®).
In addition, we make strong use of the fact that the corrector variance
{lx(x, ¥)I*> grows only in the y direction (Lemma 4).

Let y(x, y) denote the corrector corresponding to F(x, w)= U,(x, o).
Then y(x, y) satisfies the equation

ox(x, y) ox(x, y)

D Ay(x y)+ LVi(p) + Us(x, p)] ===+ Ualx, y) 3

= Uz(x’ y)

and Vy(x, y)=E(x, y) is such that E(x, w) belongs to the space . Let
(x(t), y(¢)) denote the solution of the stochastic differential equation (11)
with initial condition x{0) = x, y(0) =0, with x distributed uniformly in the
interval [0, p]. Applying It&’s formula to x(x(z), y(¢)) we obtain

“ox(x(s), y(s))

1(x(1), (1)) = x(x, 0) + (2D)"* L p dp.(s)

td t
F QD)2 | 25 (xls), 2(5)) dals) + | Ua(x(s), 1(5)) ds

where f,(s) and B,(s) are independent Brownian motions defined by

Bis)=[ m(x)ydr,  i=1,2
0
Therefore, we have

y(t) — x(x(¢), y(t))
= —x(x, 0) + (2D)"? B(1)

! 0
+ 001 ['[ 22 (60 60 51+ 22 3151, 5650 st |

t

= —x(x,0)+(2D)"* B(1) + (ZD)I/zf E(x(s), y(s)) - dB(s)

0

We define the process

M0 = D) [ o)+ [ Bx(s) y(0) ()|

t
0



Superdiffusion in Nearly Stratified Flows 705

which is a continuous-time martingale with quadratic variation

_ap(f[ox ’ o 2
0 =20 [ {| Lo + | 1+ZLxeuor fo e
The process y(¢) can be written in the form

y(8) = x{x(2), (1)) — x(x, 0) + M(2)

and hence, rescaling space and time,

o 5)-a{o(§)o (8) e am(3)

As in usual homogenization arguments,>*'> we show that SM(t/6?)
converges to a Wiener process, almost surely with respect to the underlying
measure induced by the velocity statistics [the probability space
(Q, Z, P)], and that the remainder

(5} ()

converges to zero as ¢ — 0.
The first part is standard. In fact, §M(#/6%) is stochastically equivalent

i (0(5))= | #0(5) |

where W is a standard Brownian motion and Q(f) is the quadratic
variation in (28). Moreover, since (x(¢), (1)) is ergodic with respect to the
product measure

to

g>< P(dw)
P

by the Birkhoff ergodic theorem, the rescaled quadratic variation

50 (5) =520 [ [ oon | +[ 1+ Z xonser]f o

converges with probability one to 2D, ¢, where
1 rp
D;‘y=D[1+—f <|E(x,w)|2>dx}
Po
This implies that, with probability one with respect to velocity statistics,

the paths dM(#/6%), 0<1<1, converge in distribution to (2D¥,)"? W(z),
where W(t) is standard Brownian motion.®’
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Next, we consider the remainder term,

(5} (5) e

It is convenient to introduce the stopping time
t
»(5) -}
t t y
oyl x| )yl =))—0x(x0)<2sup sup d x| x=
0 0 xeR |y[<N 0

and hence, applying Lemma 3, we conclude that for all &> 0,

95N=inf{r<1,

Clearly,

sup

t< Oy

N ! {

— B\t

s up |3 ()= ()] =}
—TmP Sy(x( %), v () =ox(x 0)| >
= i r tS:gN 11X 52 4 52 2, 4

<lim Pr {sup sup ¢ 1){()@%)‘ >%}=0

910 xeR [yl <N

This implies that the paths

6
5y<M52 N), 0<r<1

(A = minimum) converge in distribution to (2D},)"> W(t A 8), for all N.
To remove the stopping time 0,, we define P% to be the distribution of
Sy(t A 0y/6%), 0<t< 1. Let K denote an arbitrary compact set in the space
of continuous paths C[0,1]. Then K is bounded, ie., y(¢)e K implies
sup, <, |y(¢)| < N for some N. Thus,

lim Pr {[5y <L2>,0<t<l]eK}
510 )
. tAly
=1lim Pr<| éy >— 1, 0<r<1 |eK
510 0

=lim P(K
;F(} ~(K)

—Pr{[(2D%) 2 W(t A 0,),0<t<1]eK}
=Pr{[(2D%,)"> W(1),0<1<1]eK}
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By choosing K large enough, we can make the latter probability arbitrarily
close to 1. This implies that the distributions of [dy(¢/6%), 0<r<1] are
relatively compact (tight), and identifies the limiting distribution as that of
(2D},)"> W(r), 0<t< 1. Notice that this argument also shows that

t t
o (55)-u ()
tends to zero in probability.

For later purposes, we are interested not only in the asymptotic
distribution of dy(#/6), 0 << 1, but also in the joint limiting distribution
of the pair of processes

sup
1<l

t

|:5y<5—>,175(y)], 0<t<l, —w<y<+4w

where {(¥5( »)} is a sequence of processes which are measurable with
respect to the g-algebra generated by V (), y € R. [Intuitively, 7;(y) is a
function of V,(-), for each § and each y.] To study this joint distribution,
we observe that it is the same limiting distribution as for the pair

t ~
[5M<—>,V5(y)], 0<r<l, —oo<y< +w

52
sup |8y (| — M [~
u I —
r<l:1) y 52 (32
tends to zero in probability. The following result characterizes the joint
distribution.

since

Proposition 5. (i) The paths §y(¢/6), 0 << 1, are asymptotically
independent of the velocity statistics. More precisely, the joint distribution
of (2D¥)"> W(t), 0<t<1, and ¥ (w) is the product measure

P¥® P(dw)

where P" is the distribution of a Brownian motion (2D%)"? W(z),
0<t<l.

(ii) Let {¥7(y)} be a sequence of V,-measurable processes converging
in distribution to a process V(y) with distribution P". Then, the joint
distribution of [8y(2/6%), ¥5(y)] converges to the product measure

pW® }_)17

In particular, (2D%,)"? W(-) and V(-) are statistically independent.
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Proof. Notice that the statement (ii) implies (i), with ¥;(p)=V,(»).
To prove (ii), we use the fact that if suffices to characterize the limiting
distribution of the processes [6M(#/6%), V5(y)], 0<t<1, yeR. To do
this, let &, =&, (m,,..,m,) and @, = d,(v,,..,v,) denote two bounded,
continuous functions depending on a finite number of variables, and set

?, [5M <§>i| =, [5M <§>,...,5M (%)}
where 0< 1, <, < -+ <t,<1, and

D,[ Va( )1=d,[ V&(yl)""s Vé(ys)]

where y, <y, < --- <y,. From previous arguments in this section, we have

lim E{cﬁ1 |:5M <§>J} =E™{®,[(2D})2 W(-)]}

Jlo

almost surely with respect to the velocity statistics. Hence,

i (e [0 () 701
= CEP"{@,[(2D%)'2 W(-)1} &,[7()]>

= E7"{@,[(2D})"> W()}{P,[V(1)1>

where in the last step we used the fact that D}, is a constant. This

shows that the joint limiting distribution is indeed product measure, as
claimed. |

4. SUPERDIFFUSION IN THE x DIRECTION
The x component of the solution of the Langevin equation (11) with
initial condition x(0)=x, y(0)=0, where x is distributed uniformly in
[0, p], is given by
x(1)=x+ D) fi(0)+ | Ui(x(s) ) ds+ [ Vily(s)ds  (29)

Introducing the coarse-grained time scale p = p(6) = 6"/' *%?) we have

P t 1/p?
5x (?> =Jdx+06(2D)"* B, <?> +0 L Ui(x(s), y(s)) ds

6 fo'/” V.(y(s)) ds
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Our goal is to show that the asymptotic probability distribution of the
random variable 8x(t/p?) is the function P,(x, t) described in (9), with
D=D},. Recall that ¢ is the exponent characterizing the infrared
singularity of the energy spectrum of V,(y) or, equivalently, the growth of
the potential Y(y)=[3 V,(s), ie.,

QYD ~ T2 55 y—>oo

The choice of the superdiffusive scaling function is motivated by the results
of refs. 2 and 3, which dealt with “purely stratified” velocities such that
Vix, y)=(Vi(y), 0).

The strategy for evaluating the effective probability distribution
consists in, first, eliminating the high-wavenumber components of the
velocity which are irrelevant, and, second, evaluating the distribution of the
leading term using the self-averaging property of the path &y(1/6%),
0<t< 1. First we show that the quantity

ox+620) y (Z5) 6 [ (3050 16)) ds
0

converges to zero in probability as 6 - 0. In fact, since U,(x,y) is an
element of .#, one can construct as associated corrector by setting
F(x, y)=U,(x, y) in Lemma 2. It follows from the arguments of Section 3,
that

p(2D)'* B, (;’;) +p jt/pz U,(x(s), y(s))ds, 0<i<l1

converges in distribution to a Brownian motion (2D*)? W(1), 0<t<1
(where D* is an appropriate diffusion coefficient, not to be confused with
D3},), so that

5x +8(2D)" B, (pi) +3 [ U v ds=0 (g) _ 0372+

as 6 - 0.
We are left with the computation of the asymptotic distribution of

1/p*
5] Vily(s)) ds

Recall that

+ oo . -
Vx()’)=j e dé. vV,

— o0
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where the spectral measure d{|&, V,|*>> =du(k) satisfies, according to
Proposition 1,

J dulk)  _, 0
_k2 ~K K—
k| =«

It is convenient to define the truncated fields

Va)=]  e™as 7,
|k} = pN
(30)
< roN ik 77
Vi =] e a6 7,
—pN
where p is the time-scaling parameter and N is a large, positive number.
Hence, we have

t/p2

5 jo’/”z Vo) ds=s]"

t/p?
0

Vi) ds+8 ] V00 ds

First, we show that the term involving ¥, has a variance bounded by N ~°
as 6 — 0, and thus that the contributions arising from it are negligible. For
this, observe that V', (y) is in .# with

Ak du(k
kazM= #(2 ) < const - (pN) (31)
k lklzpN K

Let y,y(x, y) be the corrector associated with F(x, y)= V(). Using the
arguments of Section 3 (It&’s formula), we have

2

t/p
o[ Vo) ds
0

- t t
s e (5)
— Sxn(x, 0)— 35(2D)"" fo'/”z Visu(x(s), 7(s)) - dB(s)  (32)

The variance of the last stochastic integral is

t/p? 1
2Dé? J/ P CE{IVy g (x(s), ()} > dx ds

0

/0?1
—2Ds? fo ’ ;Lp V(3 @)1 dx ds
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821 ¢» . )
=201 5 | VG @)1

52
< const -2Dt? (pN)~°

=const - (2Dt)N~—°

This estimate uses Lemma 2 and (31). On the other hand, the remainder

in (32),
ro(t) =612 (x (f)y (-p’—)) by2(%,0)

converges to zero in probability. To see this, introduce the stopping time
0x=inf{r<1; p|y(t/p?)| = R}. Then,

Pr{rs(t)>a} <Pr{rs(t)>a; 1 <0z} + Pr{rs(1)>a, 1> 0}

> (2
Lon | % P

Given that (JV77,|?> <const-(pN) %, and that § = p'**?, the first term
converges to zero as § — 0, by Lemma 4'. Also, since py(t/p?) is tight in
C[0, 1] (cf. Proposition 5),

<Pr {sup sup 6

xeR |y|<R

>oc} +Pr{r=04}

lim Pr{r>6,}=0

R

and hence r;(t) converges to zero in probability. All this shows that
1/p? N
3) Viss) ds

is irrelevant in the sense that it converges in probability to a random
variable with variance O(N ~¢).

The last step consists of calculating the asymptotic distribution of the
contribution from the infrared modes:

2

5[ vatna, 50 (33)
0 P

To illustrate the basic idea, we first give a proof for the simpler case in
which V(y) is a self-similar Gaussian process. After that, a proof based
upon the general assumptions on V(y) of Section 2 is carried out.

822/69/3-4-17
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4.1. Self-Similar Gaussian Fields

We assume here that
1
Vily)=Pa =2 [ k|0 -2e% an(k)
—1

where dN(k) is a Gaussian white noise, i.e., N(k) is a two-sided Brownian
motion, and ¥ and a denote, respectively, the typical velocity and length
scale. Accordingly, we have

Viv(p)=Pal = [ k092" an(k) (34)

|k| < pN

The integral in (33) can be rewritten as
(e G)e-[n[p@G))e o
il = - = s
pzoprPypz oépypz

o [y
=i ;)

Using (34) and the scale invariance of Brownian motion, we find that
Vs(y) is stochastically equivalent to

with

P(y)=Va' =2 [ |k 2e aNik)

ki< N

where N(k) is again Brownian. Moreover, the stochastic process 7(y) is
almost surely continuous in y. Therefore, the quantity of interest,

b))

is a continuous function of the joint process [¥(y), py(s/p?)], yeR,
0<s<t From Proposition 5, it follows that the joint distribution of
[7(y), py(s/p?)] converges in the space of probability measures on
C[R]®C[0,1] to the distribution of (¥(y), (2D%)'> W(), ye R,
0<t<1, where W(r) is a Brownian motion which is independent of V.
Since (36) is a continuous functional, it converges in distribution to the
random variable

[ Piang) > wis)) as
0
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In particular, the characteristic function of this random variable is
PO, 1) = <E {exp {if [ 7@py) wis) ds}}>
0

—E {exp [— %zj f Ry((2D%)2[W(s) — W(s')]) ds ds’]}

(37)

where Ry(y) is the autocorrelation function of the process ¥(y), given by

Ru(0)=Pa 2 [ k'=te® i

[kl <N

Introducing the rescaled Brownian motion J(s)= (1/\/? } Wist) and
rescaling the Wiener integral in (37), we obtain

2,1 4+e2772,2—¢
ﬁ(N)(é, t):E{exp [_ %FN(E)]}

2—&2ryx2—¢g/2
2 D}

where

Fx®=["" de (38)

—-N

1
J e*B6) gy
0

This integral is known to converge as N— oo on a set of paths § of
measure one to [§ [§ F,(B(s)— B(s")) ds ds’.® Hence, the limit

lim P™M(E 1)=Py(¢, 1)
N -
exists; it defines the Fourier transform of P (x, ). Recalling that

ox ()-8 [ Vatvon s

converges in probability to a random variable with variance O(N~¢), we
conclude that dx(#/p*) converges in probability to a random variable with
distribution P(x, ) with Fourier transform

R 22,2 B
Buen=r{ow| - e ) ||

where

J‘ 2B g i dk = fol jol F.(B(s)—B(s')) ds ds'.

0

Fp)=[ " 1kt

-— Q0
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4.2. Fields Satisfying the Assumptions of Section 2

Here we give an alternative proof of the above result which does not
make use of the fact that V;(y) is Gaussian. We assume, however, that the
rescaled field (6/p?) V,(y/p) is asymptotically Gaussian, in the following
sense:

(i) The potential Y(y)= [} V(s) ds satisfies
YNy ~ P25 y—o o (39)

(it) The random process
Py (X>, 0<y< 400
p

converges in distribution to a Gaussian process ¥(y) with independent
increments.

As stated in Section 2, ¥(y) is then necessarily a fractional Brownian
motion, given by the stochastic integral

dN(s)

[PESIETE (397)

—_ — Y
Y(y)=const - Va' j
0

where N(s) is a standard Brownian motion. (In ref. 3 we discussed several
models of non-Gaussian fields which are consistent with these hypotheses.)
We need to evaluate the asymptotic distribution of

2

t/p
5] Vi) ds (40)

where V75, (y) is defined in (30). Notice that we can assume withouot loss
of generality that the sharp cutoff at |k| = pN is replaced by a smooth one,
ie., that

+oo i ~
Vi) =|  F(oNk)e® as, 7,

where 7 (k)A is a smooth, even funct{on supported in the interval [ —1, 1],
such that f(0)=1 and f(x) =je"k"f (k) dk decays rapidly at infinity.
A straightforward calculation shows that

- B
Vs(¥)== Vo (X) =p#-! ijf(pMz) V(Z—z> dz
p p p
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Therefore, making a change of variables in the integral and using integra-
tion by parts, we have

7o =0 [ M2r(Mz)y (%) dz

, (+®
=ps/J

— 0

M M= (5] d (41)
Using the estimate (38) and the rapid decay at infinity of //(M(y —z)) it
follows easily from the explicit formula (41) that
{I75(»)1*) < const
and
(Ps(y+h)—Ps(y)1*> <const - |42

with constants independent of 8. This implies that ¥;(y) is almost surely
continuous, and that the family of processes {¥;} is tight in C[0,1].
Moreover, from (41), ¥;(y) converges in distribution to

_ + o0 _
P()=]  Mf(M(y—2))(z) dz
The characterization (39') of {(z) implies that
+ - .
7(y) = const - Pal j F(ME) |k~ % dN (k)

where N(k) is a Brownian motion. From this point on, the calculation of
the asymptotic distribution of (40) is done exactly as in the Gaussian case.
This concludes the proof of the main result:

Proposition 6. Assume that V,(y) is a stationary random process
such that y(y)= [ V(s) ds satisfies

AYIP> o Va2 yl°

for 0<e<2, and that p“%j(y/p) converges in distribution to a Gaussian
process with independent increments. Then, the probability density for the
x coordinate of a particle evolving according to the Langevin equation (11)

satisfies
1 X t _
. Ip(X L \W_5p
it <5 d (5’ ,,(5)2>> o)
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with p(6) = 6' "2 where the Fourier transform P,(k, t) of Py(x, t) is given
by
k2 I'/_'ZII +e/2a275

Bk, )=E {exp (- W) fol jol F(B(s)— B(s')) ds ds’}

Here D3, is the transverse effective diffusitivity defined in (29), F.(y) =
[*= |k|'~*e™ dk, and B(s), 0<s<1, is a standard Brownian motion. ||

Remark 1. For brevity, we have not derived the corresponding limits
for the mean-square displacements (o2(1)> = (E{x(1)’}> and ¢2(1)=
E{y(1)*}. These can be obtained by obvious variants of the proofs of
the characterizations of the Green functions P,(x,t) and P,(y, ). The
corresponding results for the mean-square displacements are

2
lim t(t)=2D;‘y (42)

t— o0
in probability, and

. (odt)) C. P
lim T+e2 1—e2°
PRI S (2D;“y) &/

(43)

where C, is a numerical constant.

Remark 2. The proof of Proposition 6 suggests the intriguing
possibility in which p**js(y/p) does not converge to a Gaussian process as
p — 0, even though we have {|y(y)|?)> o |y|° These pathological cases, of
which quasiperiodic infrared-divergent fields V'(y) could be examples, will
not have the same coarse-grained Green functions. In fact, the above
arguments show that the distribution of the limit of p“Ay(y/p) as p — o
enters explicitly in the effective Green functions. On the other hand, the
anomalous exponent p(6)=4'"%? and the asymptotic relations for the
mean-square displacements are expected to hold more generally, indepen-
dent of the higher-order velocity statistics (see the next section).

5. THE GREEN FUNCTION APPROACH

An alternative approach for studying anomalous diffusion is to
considea the average Green function of the corresponding advection-diffu-
sion equation and to exploiot a rigorous resummation procedure for its
perturbation expansion to study the limit 6 — 0. This method is quite
general; it was developed in ref. 10 for the effective diffusion coefficient
under condition (4)oand for Green functions in ref. 7. An advantage of the
perturbation expansion method is that it does not require periodicity in x,
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an assumption that was used in proving Lemmas 4 and 4’ on the sublinear
growth of the correctors. The main result that can be obtained in this way
is a rigorous justification of the scaling properties of the Langevin equation
(diffusive in p, superdiffusive in x) under very general assumptions on V),
and U. On the other hand, the complete, explicit characterization of the
effective Green functions by passing to the limit as 6 — 0 in the perturba-
tion expansion is a cumbersome task. The reflects in part the fact that the
effective Green function can depend on higher-order statistics of V, if the
coarse-grained limit of p**y(y/p) is non-Gaussian and hence a detailed
resummation of all diagrams is required. Fortunately, it is possible to
determine the scaling behavior of the system (rigorously) in the case of
nearly stratified flows by looking only at a few terms in the expansion. This
is what we shall explain here, beginning with a brief review of perturbation
theory for the averaged Green function, following ref. 7.
We denote by P,(x,y,t) the solution of the advection-diffusion
equation
a—P(%’ty—’t)+zV(x,y) V. P(x,y,1)=D AP(x, y, 1)

such that
P(x,y,0)=0d(x)6(y)

and by G,(x, y, s) its Laplace transform,

+ o
Gy s)=| e Pxy i

The parameter z in these equations represents a coupling constant which
will be set to z=1 in the end. Denote by G,(k, [, s) the Fourier transform
of the average Green function {G,(x, y, 5)>, ie.,

+o pto .
Guxyspy=] [ e Gk Ls)dkdl

According to the results in ref. 7, Gz(k, [, 5) is, for each k, /, s, an analytic
function of z for all z=z, + iz, in the complement of the imaginary axis
z = iz,. More precisely, we have

—————=5+Dk*+ DI*+ S,(k, L, 5) (44)
Gk, 1 s5)

where S.(k, [, 5) is representable as a Stieltjes integral

+o z2y(k, I, 5; dr)
— 1 +ZZT2

S.(k, I, s)= f (45)
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with respect of a family of positive measures v(k, /, 5, dr). The function
S.(k, I, s) is, in the language of field theory, the sum of all the connected
diagrams in the perturbation expansion for G,(k, 1, s) in powers of z, and
(45) expresses the fact that S.(k, 1, s) is summable for arbitrarily large
values of the coupling constant z. We are interested in the behavior of
G.(k, 1, 5) in the limit £k -0, [ —» 0, s > 0. Since the Laplace-Fourier trans-
form of the scaled mean probability density

GG

p3G (5K, pl, p*s)

is
we will study the limit of this quantity as 6—0, p—0 with
p=p(8)=6'"%2 From (44), (45), we have
[0°G.(ok, pl, p?s)]1™"
52 2 2 1 & 2
=s+;)—2Dk + D! +—5 S,(ok, pl, p~s)

+o z2y(8k, pl, p*s; dr)
1+ 2%

52
— 5+ 25 Dk*+ DI* + j (46)
p?
Therefore, the renormalization problem consists in showing that the family
of positive measures

vs(dr)= v(ok, p(8)1, p*(8)s; dr), 6>0 (46")

1
p*(0)
has a nontrivial limit as 60, in the sense that (possibly along a
subsequence of ) vs(dt) — ¥(dr), where ¥(dr)#0. This will follow if we
can show that the zeroth- and second-order moments

+ oo + 0
j vs(dr)  and j 2 vy(dr) (47)
remain  uniformly bounded as J-—0, and moreover that
lim, |,  vs(dr)#0.7

For simplicity in the calculations we shall assume that V,(y) and
U(x, y) are Gaussian, with V,(y) as in (8), and that U(x, y) has absolutely
continuous spectral density Uk, I)|') satisfying

J Uk, D> dic dl

e (48)
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We consider first the quantity {* 2 v,(dr). From ref. 7, we have

fﬂo v (dr)zif %k IVi(g2)|*) das
— o0 S p2 p2s+D|5k|2+D|pl+q2|2

U zkz |U1(Q1,42)l > dq, dq,
p’s+ D|0k+q,|*+ Dlpl+q,|*

L i p*I*<1Un(gy, 9)I* dg, da; (49)
p? ) p2%+ D6k +q,1>+ Dpl+q,)?

Clearly,

5_2” k21U (g1, 4,)|*) dq, dg,
p> ) p%s+ D6k + q,|> + Dpl + ¢,!*

5 1091, 921 s?
T #:0(_>
p? | i+ 93 p’

and therefore this quantity tends to zero as 6 — 0. Also,

1 f P’ 01, g)I*) dq, dg,

Iim
p*s+ D |6k +q,* + D|pl+ g,|*

510 p°

H 0y, 92)1?> dg, dqz
6]1 +42

The first integral in (49) is asymptotic to

éif k?|g,|'~* dg,
p*) p*s+ D6%*k? + D|pl+ q,|*

52'0275

J+°° k*|q5|' ~° dg
—w 52+ D6*p*k* + DI+ g5}

~j+°° k*|g5|" ¢ dg;
— S2+D|l+q,2|2

This last quantity is finite for all / (in particular, for /=0), since the
integrand decays like |g5| ="' ** for ¢4 > 1. The finiteness of [*% vs(dr)
implies that the motion in the y direction is diffusive. In fact, setting k=0
in (46), we obtain

. r+ 225(0, 1, dt)
1 26 20011 = 2 —
p1£n0[p G0, pl, p7s)] s+ DI +J_oc 14 2z%2
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for some measure V(0,/,dr) on (—o0, +o0), which shows that
p>G.(0, pl, p°s) converges to a nontrivial limit.

To analyze the motion in the x direction, we consider the second
moments [*% t?v4(dt). Since only macroscopic x displacements are of
interest, we can take /=0 in (46'). Using the Gaussianity of V(x, y), we can
write, symbolically,

f 72 v4(dr) = sum of “bubble” diagrams of the forms

and m (50)

1 2 3 4

The graphs in (50) are the ones introduced by Kraichnan,'? with points
denoting velocity modes V(g;, ¢,) and horizontal dashes denoting the
free Green function (s + Dk®+ DI?)~'. The curved lines denote pairing of
modes and averaging. To calculate (50), we observe that diagrams involv-
ing only modes (|U(q,, g,)|>> are uniformly bounded, because of the
mean-field condition (48)—this was established in ref. 7. Also, notice that
the diagrams in (50) which involve only the ¥V, field are known to be
uniformly bounded, since they arise in the expansion for the Green’s func-
tion corresponding to the “purely” stratified flow (¥(y), 0). The study of
such diagrams was also done in ref. 7. Therefore, the only diagrams that
need to be studied in detail are those that contain both V| and U, or U,.
The general form of a multiple integral corresponding to the diagram

LA

in the expansion of (1/p2) S,(k, 0, p’s) is

1 m [S-R(P)-(E+Q)I[(E+P)-R(Q)-{]1dPdQ
p? W [p’s+ DI+ PP 1p?s + DE+ P+ Q17 1[p°s + DIE+ Q7]

(51)

where ¢=(0k,0), P=(0, p,), @=1(q,,4,), and R(-) represents the two-
point correlation tensor. We write a triple integral in (51) because only
diagrams containing interactions between {|¥,(p,)|?> and {|U.(¢,, ¢,)I*>
need to be considered. Note also that we take the external wavevector ¢
parallel to the x direction. To estimate (51), we observe that

& R(P)-(E+ Q)= k< |V(p2)I*>(5k +q,)
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Notice that p, and ¢, appear in the numerator of the integrand in (51).
Therefore, this integral can be estimated from above by

_I_HJ' |f|2<|171(172)|2><|0(q“512)|2> dp, dq, dq,
p? [p*s+ D¢+ PI*1[p*s+ D¢+ Q1]

Zsz <|V1(P2)l > dp, U |G(Q1,‘12)|2d‘]1 dq,
= 2 ) p2:s+ Dok + p,)? p’s+D|E+ Q|

Making the change of variables p,=pp, in the integral and using
p(8)=86""" and (48), we conclude that such diagrams are bounded
independently of 9, as in the analysis of the second moments.

Similarly, the multiple integrals corresponding to the diagram

N

are
i” [E-R(P)-S1[(E+ P)-R(Q)-({+ P)]dP dQ (52)
p? [p*+ D¢+ PI*1*[p’s+ DIé+ P+ Q)]
and
m [({+Q) R(P)-(£+Q)I[E-R(Q)-E]1dPdQ (53)
[p? S+D|§+Q| Pp*+DIE+ P+ Q%]

with the same conventions. These two integrals can be bounded,
respectively, by

6% m AV (p)I*> <10y, )12 dp, dg, dg, (54)
[ps+D|E+ P1*1[p*s+ D|E+ P+ Q)]
and
52k2J‘” <|I71(P2)|2><|G(‘Ix,‘12)|2>dP2d41 dq, (55)
[p’s+D|E+Q1*1[p*s+ DIE+ P+ Q7]

It now follows, by making the change of variables p,=pp5 and using
the relation 7=6!"%2 that both integrals remain bounded as 6 — 0,
converging to

Ipzl‘*‘dpzxﬂ <10(q,, 9,)I1?) dq, dq,
s+ Dp3 D(q3+4q3)
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Therefore, we have shown that

1 + o 5 ;

—ZJ v(6k, 0, p*s; dt) <c< +©

P

where ¢ is a constant independent of 6. The uniform boundedness of the
second moment of (1/p*)v(dk, 0, p%s, dr), together with the result for the

zeroth-order moment jfi vs(dr), imply that

+o 2%5(k, s; dr)

1' 2 5 2 71=
lim [9°G.(3k, 0, p’s)] s+jm P

where ¥(b, s;dr) is not identically zero.”” This justifies rigorously the
scaling exponent p(6)=35""%? for the motion in the x direction for this
class of nearly stratified flows.

APPENDIX. PROPERTIES OF THE CORRECTORS

The method of homogenization hinges on the construction of the
auxiliary functions, or correctors, y(x, y). Here we present the proofs of the
basic Lemmas 2, 3, 4, and 4, which were stated in Section 2.

Proof of Lemma 2. According to the classical theory of homogeniza-
tion for operators with periodic, oscillating coefficients'® a unique solution
of Egs. (25), (26) exists if Vi (y), U,(x,y), Us(x,y), and F(x,y) are
periodic in x and y. The idea of the proof of this lemma is to approximate
the functions V,(y), U, x, y), and F(x, y) by doubly periodic functions,
with period N in the y direction, and to consider the sequence of corre-
sponding correctors ¥¥)(x, y). The final result follows by letting N — oo,
after obtaining suitable estimates. Accordingly, let V{M(y), U™M(x, y),
i=1,2, F™(x,y) be periodic with period p in x and period N in y.
Moreover, assume that

1 pN
im (5] Mo)- e e =0 A

N> o

R
im (= [/ [ 0 - U P dy) =0 (a2)
PN Jo Yo

N — o

lim <piNj: jON |F(x, ) — F¥(x, y)|? dx dy> =0 (A.3)

N—>
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For instance, this can be done by taking a discrete approximation of the
spectral measure of the fields, e.g.,

V= 3 e ([ as 7))

n= —oo I
n#0
where I, = {k:2nn/N—n/N<k<2mn/N+n/N}, with similar definitions
for the fields U™)(x, y) and FV(x, y).
For each realization o, let y*¥)(x, y) be the periodic solution of the cell
problem

3y ™(x,
DAY, )+ TV + U, )] )
a (N)
UL ) g s, ) (A4)

with

1 N
p_Njop fo 1Mx, y) dx dy=0

Multiplying (A.4) by x"“(x, y) and using integration by parts, one obtains

L oppen (N) 2
—pNjo fo DIV ™(x, y)|* dx dy
1 pp N
= —p_NJo fo F®(x, y) 1™, y) dx dy

Using Plancherel’s identity, we express the RHS in the form
Y F™N(m, k) 3™ (m, k)
m? —:—nl,cé’#o

This quantity is bounded by

0 23172 2
[5 Bl s ot ]
m,k

m? + k2 =

|F(N)(m, k)lz 2 | ep N :|1/2
< s Vy™ . 2dx d
[%—m2+kz vl [ Ve v ay
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so that

[EM(x, p)1?

Do+ 5 (A.5)

‘LJwJNl’V M(x, y)I? dx dy <
N, | PV y xy\rgk

Setting

™)
E(N)(x,y)= aX (X, J’)’ aX(N)(xa )’)
Ox dy
we observe that E?) satisfies equations analogous to (25) and (26), with
coefficients VM), U™, and F™). Moreover, we have

1

prf(<way»dx@ 0

and, averaging (A.5) with respect to the velocity statistics,

1

P FW k
SEE QWMuyn><DZZSL—£1JLZ

m? + k?

The right-hand side of this inequality is bounded uniformly, independently
of N (because F is in .#) and converges to

__zjcK&ﬁA5
D2 ~ R m2+k2
as N — oo. It is easy to conclude from this that the sequence of random
fields E¥(x, y) converge in probability (possibly along a subsequence) to a
square-integrable, stationary random field E(x, y) in the space # (see
Section 2) such that E(x, y)=E(x, ,w) with
d{|&.F*>

m*+k*

IEl; <
I3 ZL
Since

0 0

55 EVe )= > E{M(x, y)
for all N, we also have

0
9 By =2 Ey(x, ). (A6)

ox dy
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Finally, due to the strong convergence of the approximating fields [from
(A.1)-(A.3)] we deduce from Eq. (A.4) that E(x, y) saitsfies the equation

p By p BN 4y 4y 4 04, )] Bt )
X dy
+ Unlx,9) Ey(x, y) = Flx. y). (A7)

This concludes the proof of Lemma 2.

Proof of Lemma 3. Here, we exploit the regularity of the coefficients

(in x) to show that (9/0x) E(x, y) is square-integrable, i.e., that E(x, y) is

in the space #]. To see this, we differentiate Eq. (A.7) with respect to x.
Setting (0/0x)E =H, we have

0H, 0H, oF oU, oU,

D——+D——+(V+U)H, + U,H,=

—— ——=F
Ox dy ox ox ' ox

We multiply this equation by E,(x, y), integrate with respect to x, and
average. Using (A.6) and the incompressibility of V, we obtain

D <% f: IH(x, y)|? dx> =— <% J: 8F(63;, y) E\(x, ) dx>

1 P 0U(x) R
+<;j0 p E(x,y) dx>

+ <1 # o0, (x, y) Ea(x, y) Ei(x, y) dx>

plo Ox

From the estimate on }E|, obtained in Lemma 2 and the boundedness of
0Fjox, 0U,/0x, and 6U,/0x we conclude that

1¢r ) const 1 e ,
(I e ax) <=5 e (S ] 1B ax)

where

OFx )| | ‘5U1(x, y)‘ RAICS y)]

Ci= S:lg [ Ox 0x Ox

The conclusion of Lemma 3 is immediate. ||

Proof of Lemma 4. The goal is to establish the sublinear growth of
the function y(x, y) uniformly in x. More precisely, we shall show that for
all >0, M >0,

limPr{ sup supé{x<x,§)t>a}=0

510 Iyl<M x
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For this, we observe first that since y is periodic in x,

[ 2 1 pr oy 2
s - /7 d/ g t-— . ,’ d’ A'g
sup ¢t 3) = [ x| <eonst-= [T L o) ax - (a8)
Therefore,
e 2 1 ridy 2
, ¥)|*<const | |~ Jy)dx| =1 = (x, :
sup |z(x, y)|” < cons pro x(x, ) dx +pf0 iax(x y) dx]
Setting
A== [ 1l ) dx
y _p o XX,y
and

I ) e
B ={5 [/ |Z | ol

we claim that sup,, < 0[4(y/6)| and sup,, < » 0B(y/6) both converge to
zero in probability as 6 — 0.

The analysis of sup,, < 64(y/0) can be done as in the paper of
Papanicolaou and Varadhan.® We include here a sketch of the proof and
refer to ref. 5 for complete details. By definition

Y &
A= Eaolr,w) ds

where E, () is the Fourier coefficient of order m=0 of the function
E(x, ). Rescaling, we have

/e o
54 <§) =5 Lj £, o(1,0) ds

Since <l752,0(w)>=0 because E, has mean zero, we can apply the
L*-ergodic theorem to conclude that

. 52 X
(o)

for each y e R. To estimate the supremum of 3A4(y/9), | y| < M, we partition
the interval [ — M, +M] into small subintervals and use (A.9) together
with equicontinuity of A4(y/d). Specifically, set

2> =0 (A.9)

Yo=yg»  —NM<n< +NM (A.10)
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where N is a larger integer, and write

pef on, o4 (5) >

lylsM
gZPr{ sup 51A<

|y —ynl <IN

SAh

)~}
<Y Pr { sup 0A <X) — 04 (&)
n [y —ynl SUN 0 6

+§Pr{5]A(%’3> >%}

From (A.9), the second term converges to zero as 6 — 0. Concerning the
first term, we note that
J Yn
0A|=)—04 |
<5> < 6 )

y/é 2
[ (1.0 ds

yn/d

-2
2

sup
|y=ynl <N

= sup O

|y =yal <IN

(yn+ 1/N)/o 2
<5j \T,E, o| ds
(yn—1/N)/6

Therefore, using Chebyshev’s inequality, we obtain
y y o
Pr { sup |64 (—) — 04 <——"> > —}
|y —ynl S U/N 0 o 2
A (3)-4(3)
<= sup oAz |—-04( =
*ALiy—smi<uv o 0
<452 <<J(yn+1/N)/6|TE: d 2
=T 5 5 Al
o’ (Vn— YNY/S 0 ) >
462 4 4
<7 Wit CIEol?)

16
T ¥N?

K

)

Ep >

where we used Jensen’s inequality and the fact that T, is an isometry.

5

Summing over the contributions of each subinterval |y —y,| <1/N, we

obtain
04 (%) — 04 <%) > <|E2,0!2>

Y Pr{ sup

|y —ynl S /N

a} 32M
<

2( S 2N

822/69/3-4-18
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Since N is arbitrary, this implies that sup,,; < 4 614(y/6)| converges to zero
in probability.

It remains to estimate the random variable sup,,, . » 6B(y/d). This is
done in a similar way: first observe that

2/ 2P\ _s2 08 2
(5 (3)) =B

by stationarity, so SB(y/d) converges pointwise to zero. To estimate the
supremum for |y| <M, we partition the interval [ —M, M] into sub-
intervals of width O(1/N) and use equicontinuity in L2 Accordingly, if y,
denotes the partition in (A.10), we have

2 2
sup &°B (%) <max sup &°B <Z>

Iyl syM B ly—wl SUN o

y 2
<Y sup 523<5>

n ly—ynl <1/N
y ya\|? A%
B{=)-B| 8B (==
(3)-2(%) L (%)
Pointwise convergence of SB(y/d) implies that the second sum in this
estimate converges to zero. To the first sum, we observe that

<) sup &

n ly—=yl<1/N

252 .p | y - y,\[?
2 |B(Z B () <= [ |E (x2)-E (x2
<5> (5 » fo X, 5 X 5 dx
8% (7| (¥4 OE ?
2 J’y —L(x,s5)ds| dx
P Yo |y Oy
52 /8 OF 2
LA jy 2(x,s)ds dx
P Y0 |y 0x
Therefore,

Y Yn
sup 6%|B <—> —B <——>
<|y_Yn|<1/N 5 5

According to Lemma 3, || E, |2 is finite. Finally, summing over the contribu-
tions of all subintervals, we obtain

2 8M .

> < N I1E5]13

2,0 (5)-(3)

|y —ynl < LN
which is negligible, since N is arbitrarily small.
This concludes the proof of Lemma 4. |

2
4 o
)< 1B
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Remark. The estimates obtained in the proof of Lemma 4 also yield

an estimate of the variance of sup, < s SUp, . 9x(x, y/9). In fact, taking a
trivial partition consisting of one interval and applying the above
arguments, one concludes that

2
> <const - (1+ M?)||E|2

“(3)

< sup &2
yls M

and

2
< sup 5ZB(§) ><c0nst~(1+M)I|E£|f

IyisM

Putting together these esimates and using Lemma 3, we conclude that

2 1+ M _ v d(|&F,
><const. + ZJ <|k—m|>_

|lyl<M xeR

()

Hence, the claim of Lemma 4’ in Section 2 is also established.
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